The expression for the Casimir operator for a real semisimple Lie group G in terms of coordinates given by the Iwasawa decomposition G = KAN reduces on G/N to the difference of an elliptic operator with constant coefficients on A and an invariant operator on M. This result immediately identifies the principal series of induced representations with representations defined on the eigenspaces of the restriction of the Casimir operator to G/N. When the Casimir operator T for a real semisimple Lie group G is expressed as a differential operator on the group in coordinates given by the Iwasawa decomposition G = KAN, it is seen, when restricted to G/N, to be the difference of an elliptic operator with constant coefficients on A and the Casimir operator on M. This result immediately identifies the principal series of induced representations with representations which arise from the restriction of the left regular representation of G to certain eigenspaces of TG/N. On the other hand, when this expression of T is restricted to K \ G, it is seen to be a second order invariant operator on AN. This allows us to identify the symmetric space G/'K with the solvable group AN.
When the Casimir operator T for a real semisimple Lie group G is expressed as a differential operator on the group in coordinates given by the Iwasawa decomposition G = KAN, it is seen, when restricted to G/N, to be the difference of an elliptic operator with constant coefficients on A and the Casimir operator on M. This result immediately identifies the principal series of induced representations with representations which arise from the restriction of the left regular representation of G to certain eigenspaces of TG/N. On the other hand, when this expression of T is restricted to K \ G, it is seen to be a second order invariant operator on AN. This allows us to identify the symmetric space G/'K with the solvable group AN.
To the best of my knowledge, this result has not appeared in the literature, even though it is intrinsic to Harish-Chandra's work and is suggested by his expression for the Haar measure in terms of the Iwasawa decomposition. The radial part of the invariant operators on G has been computed by Vilenkin, and that of the operators on the Lie algebra g by Varadarajan and his students. Enright and Varadarajan use an expression of T by Hotta and Parasarathy to construct a model of the discrete series on certain eigenspaces of T. However, their expression, which stems from a root space decomposition of g with respect to root vectors for a compact Cartan subalgebra, is algebraic in nature and valid only for those groups with discrete series.
Ehrenpreis constructed models of the principal series and the discrete series on spaces of eigenfunctions of T. However, until present, his work has been restricted to G/K and G/MN. dt If G has a subgroup decomposition G = HXH2, where Hx and H2 represent closed subgroups of G, and g = fj, © b2 represents a decomposition of the Lie algebra of G into a sum of the Lie algebras of b, and b2, this notation facilitates the expression of the left and right invariant differential operators on G in terms of left and right invariant differential operators on the subgroups. To see this, assume g = ft,ft2; then Xg = Xhxh2 = hxad(hxl)Xh2.
(
Assume now that &à(h\x)X = aHx + ßH2 for some Hx G b, and some H2 G b2. Then
and we see the right invariant operator obtained from X may be expressed as a sum of a differential operator on Hx and a right invariant operator on H2.
To use this notion to obtain an expresssion for the Casimir operator in terms of operators on teh subgroups K, A, and N as they appear in the Iwasawa decomposition G = KAN, we must choose a convenient basis for g and find expressions for the adjoint actions of elements of f and a on these basis vectors. To this end, let bf be a Cartan subalgebra of qc and let g have the Cartan decomposition g = f + to. As usual, let A+ = {a,, . . ., a") be the set of roots which are strictly positive on a with respect to some order, and assume the roots ax, . . . , ar are simple, where r is the rank of G. Let Na G n be the standard root vector for the root a and define Pa G p and Ka G f by V2 Pa = Na + N^, V2Ka~Na-N^. 
D*J{g) = D*J(kan) = kaN^n o f,
D"f{ g) = DHJ(kan) = kH^an ° /
License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use DH is easily represented as a partial derivative. Let s£Ä' and represent a E A by a = a(s) = exp(2'=,J,//".). Then DH = 3/35,.
We now prove a lemma needed to express the Casimir operator in terms of the above differential operators. 
The contribution to the Casimir operator from to is simply S^^A^g)2.
Since ad(/c) is an orthogonal transformation on to, "¿'it it =f°' *'**
Thus, when the RHS of (24) is summed over j, (25) and the result (9) 
VLo -¿Ate«) = h -eK))/(Ms))|s_0, Thus, the eigenspace representation described in (iii) becomes a Hubert space representation with the inner product defined by the energy integral (37). The uniqueness of solutions to (31) with Cauchy data (32) and (33) proves the /C-finite equivalence of the representations of (ii) and (iii).
Corollary. The symmetric space K \ G may be identified in a natural way with the solvable group AN. In this identification, the Laplacian is *-%( § + **>)$+*%<*'iD"J-<38>
